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Abstract. We consider f extensions of Calderon-Zygmund operators on weighted 
spaces. Our interest is in generalizing the scalar estimates for these operators (see [7], 
[19], [8], and [16]) and the vector- valued theory considered by [2] and [18]. In particular, 
we use multiple applications of Lerner's inequality to show that if T is an L^(R") bounded 

Calderon-Zygmund operator, its extension T satisfies ||T||^p^^^^_^^p^^^^ < [w]^^ ^ 'p-i}_ 
Related results in general Banach spaces were studied in [3]. 

1. Introduction 

We intend to study t extensions of Calderon-Zygmund operators on weighted spaces U'{w) 
with 1 < p, r < oo and w G Ap. Our goal is to give a quantitative estimate of these operators' 
norm in terms of a given weight's Ap characteristic. The scalar version of our problem has 
been given a great deal of attention. In this context the sharp dependence can be extrapolated 
from the case p = 2 which gives a linear estimate, i.e. if T is an L^(R") bounded Calderon- 
Zygmund operator and w & A2, 

(1-1) ^ Na^; 

further, (1.1) is referred to as the A2 Theorem. The authors of [19] reduced the proof of (1.1) 
to estimating Sawyer-type testing conditions: for w & A2, 

Using probabilistic techniques, Hytonen first proved (1.1) in all generality by demonstrating 
the weak-type norms in (1.2) satisfy a linear bound. Several subsequent proofs of (1.1) have 
also appeared, some of which appeal to averaging techniques ([10], [16]) and others avoiding 
this altogether ([8], [14]). 

In the vector-valued setting, several different types of operators have been considered. In 
[2], the authors show the dyadic square function S and vector- valued maximal operator 
with exponent r satisfy: 

II oil < r 

\\'J\\lp(w)^Lp(w) ~ PJ^p 
I|M'-|Il^,(«;)->Lp{«;) ~ Hvlp 

where 1 < p < 00 and w G Ap. Using similar methods, [18] gives sharp bounds for the 
intrinsic square function Ga on weighted L'p{w) spaces, resolving a well-known conjecture. 
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We aim to generalize the forgoing types of results to vector- valued extensions of an L^(M") 
bounded Calderon-Zygmund operator, and the main theorem of this paper can be formulated 
as the following: 

Theorem 1.3. Given a Calderon-Zygmund operator T on M", for 1 < r < oo we denote by 
T the t' extension ofT, i.e. T(f) = {T{fj){x)} and 

(oo 

for f = {fj} with fj G 5(M"). Let 1 < p < oo and w G Ap. Given a G alder on- Zygmund 
operator T we have the following hounds: 

.... r -, maxj 1 . } 

(1-4) < Ma/""^ - 

Unexpectedly, the strong type operator norm of % does not depend on r, indicating that 
scalar and vector-valued Calderon-Zygmund operators can be equally singular. Addition- 
ally, the paper [3] considers more general Banach valued Calderon-Zygmund operators and 
achieves our Theorem 1.3 as a corollary using different proof methods. 

In the scalar case, the proof strategy is to reduce the study of T to simpler operators, 
typically Haar-shift operators of a fixed complexity. We follow this tract, reducing the study 
of a given T to consideration of vector-valued Haar-shift operators of a fixed complexity k: 
indeed, we show it will be enough to prove the following theorem: 

Theorem 1.5. Given a vector-valued Haar-shift operator S^. of complexity n, we have 

Hon ^ 4 r 1 ™^-'^{ -'- ' } 

\\^r\\Ll^(^w)-^Lv{w) ~ 

The chief difficulty in proving Theorem 1.5 will be maintaining a polynomial dependence 
on K. As in [16], [14], and [5] we rely heavily on the application of Lerner's decomposition 
theorem. Specifically, we apply this inequality multiple times; the first application being 
component-wise to permit a decomposition of the resulting vector-valued operator analogous 
to the scalar decomposition considered in [5]. Then we follow [14] and apply Lerner's formula 
again to reduce our problem to vector- valued operators of complexity 1; a third application 
of the theorem reduces our problem to the scalar case and completes the proof. 

The outline of the paper is as follows. In 1.1 we introduce definitions and the main 
theorems of this paper; 1.2 lists several lemmas and theorems which will be used in our proofs. 
Subsequent sections refer to the proofs of specific theorems, beginning with arguments for 
our Lebesgue estimates and continuing with proofs of Theorem 1.5 and Theorem 1.3. 

1.0.1. Acknowledgment. The author would like to thank Dr. Michael Lacey for introducing 
the problem as well as crucial discussions and numerous suggestions. Further, the author 
would also like to thank Dr. Brett Wick for discussions concerning this paper, suggestions, 
and time. 
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1.1. Preliminaries. In this section we fix notation and introduce our theorems. Let 1 < 
p, r < oo and w & Ap weight with k. 

Definition 1.6. For u e {0, 3~^}" we denote by I>" the dyadic grid defined by 

P« = {2-\[0,lf + m + (-ifu) : k eZ,m eZ""} 

and note that this defines a collection of 2"- dyadic grids on M". In the special case u = 0, 
we let = V. 

Definition 1.7. We refer to a collection of cubes Q = {Qj} as sparse if 

i. for fixed j, the Q^j n Q^- = 

ii. for e Q taking r>(Qf) = |J QJ" we have n Q^^l < 2-i|Q^^|. 

Qr^Q 

Definition 1.8. We call an operator T a Calderon-Zygmund operator in M" if T is an L^(R") 
bounded integral operator with a kernel K satisfying: 

i. \K{x,y)\ < i^-yi^ ^'^^ x,y eM."- such that x ^ y 

ii. \K{x,y)-K{x',y)\ + \K{y,x) - K{y,x')\ < with \x - x'\ < 

Definition 1.9. Let S = {8^}^^^ be a collection of generalized Haar shift operators of 

complexity k such that S^f(x) = ^(/, }4)hi{x) = ^ifi^) / ^ Aoc(^")- Take 

lev lev 

(oo 
i=i 

for f = {fj} with fj e LJqj,(M"). We call Sr a vector- valued Haar-shift operator of complexity 

Definition 1.10. We define an operator Vr as follows. For each j let Qj be a sparse collection 
of dyadic cubes from the same dyadic system. For f = {fjj'jLi, define 

p'im^) = 5] eq(/,)1s,(q)(x) 

QeQj 

where for each Q, Ej{Q) is a union of subcubes of Q satisfying 2~'*|(5| < \Ej{Q)\ and take 

(oo 

We refer to operators of the above type as positive vector-valued Haar-shift operators. 
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Definition 1.11. For given / G Lj'Q^(]R"), < A < 1, and Q we have 

uj^U;Q) = inf((/-c)iQ)*(A|g|) 

Ml^fix) = sup1q(xK(/,/) 

ICQ 

where for g G Ll^^lM."'), g* represents the symmetric non-increasing rearrangement. 

Now we list the main theorems of this paper: 

Theorem 1.12. The operator Sr{-) satisfies \\Sr\\i^i ^ii,ac ^ K^~^r, 

Theorem 1.13. ForVr as above, the following inequalities hold for Lebesgue measure: 

\\rr\\LP^^LP ~ 

Theorem 1.14. With w and p as above we have 
(1-15) < 

II r> II ^ 4r i^^^ili^n:} 

(1-16) < K [W]^^ . 

Theorem 1.17. Let T be an L^(]R"') bounded C alder on- Zygmund operator and w E Ap with 
\ < p < oo. For 1 < r < oo, 

ii-T-ii ^ r ■\^^^{^'~^} 

1.2. Technical Lemmas and Theorems. We begin by stating some technical Lemmas 
and Theorems which will be used to initiate our proofs. 

Theorem 1.18 (Lerner). Let f G Lj'Q^(]R"') and let Q be a fixed cube. Then there exists a 
collection of dyadic cubes {Qj}j^kcn such that 

i. for each k,j G N, we have C Q 

ii. for almost every x E Q, 

|/(x)-m^(Q)| < 4M«_„_,^Q/(x)+4j]J]a;2-n-2(/;Qj)lQ.(x) 

k j 

iii. for fixed k, Qj DQ^ = ^ for i ^ j 

iv. letting Q/. = [JQ^j '"^^ have \Qk H Q^\ < 2~^\Q^\ and Qk+i C Qk- 

j 

Lemma 1.19 (Lemma 3.1, [2]). Given a measurable function f and Q E T), then for < 
A < 1 and Q < p < oo we have 
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Lemma 1.20. If Q E V then 

u^x{Sri;Q) < K^+^2''EQ(.)(||f||,.). 

Lemma 1.21. [Proposition 2.3, [14]/ Let T be a C alder on- Zygmund operator and Q C M" a 
cube. If 1 < p < oo and w E Ap then for f G L^iw) 

u^x{Tf;Q) < Vxil^ / \fiy)\dy 



{Tf,Q) < 2'"<5 (|2™Q| 



Lemma 1.22 (Lemma 2.4, [5]). If S is a generalized Haar-shift operator of complexity k 
then we have 

u,iSf-Q){X\Q\) < ^^ + \j2^QuAf\. 

Theorem 1.23 (Theorem 1.12, [16]). Let 1 < q,p < oo, < A < 1, and assume that f and 
g are functions satisfying the following: for any cube Q we have 



A 

for some constant independent of Q. Then we have 

Theorem 1.24 (Theorem 1.12, [2]). For 1 < r,p < oo and w E Ap we have the following 
bound: 



max{i,^} 



2. The Lebesgue Estimates 
2.1. Proof of Theorem 1.12. We will perform a Calderon-Zygmund decomposition. Fix 
A > and let {(5j}j2=i be the maximal dyadic cubes such that / ||f H^r dx > A. For each 

j define b-' by 



and let b = b-'. Further, we let g = f — b. Then we have the following: 

i=i 

(i) WsWlI,. ^ l|f|lL,V 

(ii) for each j, supp 6^ C Qj all A; G M 
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(iv) for almost all a; e R, 

oo ll-pll 



< 



A||f||,. 



Notice 

|{x e : 5^f(x) > A}| < 
and consider by Chebyshev's inequality, 



+ 



a; e : 5,b(x) > ^ 



< 1 r 

By properties (i) and (iv) from above, 

/ ||g||^r(ix < A / ||f||^r(ia; 



SO that 



On the other hand. 
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/ Uglier- cJa:; ~ T / llsll^'-'^^- 



3=1 



Further, for (Q^)W C /, we have j l}'k{x)dx = so that S^j{h',^){x) = for (gj)W C /. 
Hence, by standard computations 



oo / oo 



J=l j=l \fe=l 



oo / oo 

2 EE 



oo / oo 

= EE 

j=l \k=l 



iQQj 



QjdcQ 



(«) \A;=1 



oo / oo 



+ E E ECE/i^iiri/W 



QjCicQ 



(k) j=l \k=l 
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Let 



A 



B 



oo / oo 

EE 

j=i \k=i 



oo / oo 



E E E(E'i'4i)"i.( 



SO that 



Srh{x) > - 



< 



Notice that A is supported on UQj so that 



A > 



A 



oo ll-pll 



A 



and using Chebyshev's inequahty we have 



{«>i} s r-j E E E(«iri' 



a;) dx. 



Applying Minkowskii's integral inequality two the inner sum of expectations in (2.1) yields 



(2.1) < 



< 



A 

. 1 



A 



J2 J2^i{\\h=l.)li{x)d. 

oo 

11^ ' I III 



jCiCQ 



(-) j=i 



1 



- A V 

Combining the above estimates gives II >5 11^1 _^^l,oo 1^ • 

2.2. Proof of Theorem 1.13. Fix f G L^r and suppose first p = r. In this case we have 

„ oo 

Vrii)ixYdx = / El^^(A)(^)r^^ 
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Now by Theorem 1.12 and the Marcinkiewicz Interpolation Theorem for vector- valued oper- 
ators we have for 1 < p < r, 



For the range 1 < r < p we notice there is a vector h G L^^, with ||h||^p' =1 such that 



where U represents a 'dual' operator for Vr, i.e. if (P^)* is the dual for each then 



1 



u(g)(x) = [J2\{pri9j)i^)f 

with g = {(^j) and gj G Lj'Q^(M"'). Arguing as before with U in place of Vr, we see 



([ V{h){xY'dxY < /t'-'+l 



Hence, we have 



2.3. Proof of Theorem 1.20. By the triangle inequality we have, 

\lQ{x)Sr{i){x) - lQ{x)Sr{l(^Q(.))J){x)\ < 1q (f IqM ) (x) . 

Notice, iSr(fl(Q(K))c)(x)lQ(x) is constant on Q. Define 

C(g,f,/t) = C = Sr (l(Q(«))cf) (x)1q(x). 

Now the above implies 

u,{Sr{fy,X\Q\) < (lQ5.(flQw))*(A|g|). 
Applying Lemma 1.19 gives 
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and from the weak- (1,1) inequality for Sr we obtain 

ll'5.(flQ(«))IL..(Q,IQ|-.,.) < /.^^^2'^EQ,4l|f||r) 

Thus, 

ux{Sr{i);X\Q\) < K'+h^EQ,.,\\f\\r 

3. Proof of Theorem 1.14 

3.1. Proof of (1.15). Let f G L^r(w) such that II f 11^^ has compact support. Recall, msj(f^){Q) ^ 
as £{Q) — 7- oo and in particular, for all cubes Q which are sufficiently large, we have the 
following point-wise bound: 

Srf{xY < M«(||f||,0(^)^ + 4M«_„-i,Q^(5.f)(a;) +4 J]a;2— i(5.f;/)l7(x), 

where /C is a sparse collection of cubes. By Lemma 1.12, 

M«_„_,Q(5,f)(x) < M(||f||,.)(x) 
U2-^-i{S4-J)li{x) < E,w(||f||,„)l/(a:) 

so that 

(3.1) S4{x) < M(||f||,0(a:) + $^2'^E,(||f||,0l/(^) 

leK. 

(3.2) = M(||f||,.)(a:)+2'^5(||f||,.)(x). 
As a result, we have 

w {{x G R" : Srf{x) >a}) < w ({x G M" : M(||f ||,.)(a;) > |}) + 

«;({xGM":2''S(||f||,.)(:^)>f}). 

By Buckley's bound ([1]), 

(3.3) w({xeW:Mmr)i^)>^}) <^^[ llff^ 
and since is a Haar-shift operator of complexity k, we have 

(3.4) ^({xGM":2''5(||f||,,.)(a:)>f) < ^^^y^JIff^; 
combining (3.3) and (3.4) gives the weak-type bound. 
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3.2. Proof of (1.16). Let f G LF^riw) such that ||f||£r has compact support. By applying 
Lerner's inequahty to each component of Sr on a sufficiently large cube J, we obtain the 
bound 

(oo \ ? / oo / 

where Qj is the collection of cubes which results from applying Theorem 1.18 to S^{fj 
Using Lemma 1.22 as in [5] we obtain for each 

4''' 

and 



Now we consider the function 



4 ' 
0=1 



(3.5) E E 1q(^V2-"-(^^(/.);Q) 

Applying Lemma 1.22 for each j we obtain 



(3.6) (3.5) < 5^ «:■lQ(x)■EQ|/,| + ^lQ(x)■E(Q)(,|/, 

,i=l \Q&Qj i=l 



For each j and < i < k, define E{Qy = I with the convention E{QY = Q. Then we 

(/)W=Q 

recall, if {xi}^^^ is a non-negative sequence of numbers, for < g < oo, 

/ n \ 9 n 

(3.7) < 



.1=1 / i=l 



applying (3.7) we obtain 



(3-6) < '^ME E I + 

1=1 \QeQj 



K j oa j 

E E E 

*=i Vi=i \QeQj 
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For < z < K let 

QeQj 

with g e Ll^^{M."-) and Pj be defined by 

(oo 

for g = {gj} and gj G Ll^^{W^). Hence we have the following point-wise bound 

K 

(3.8) 5,(f)(x) < Mr{f){x) + K'J2^,mx). 

i=0 

By Theorem 1.24, 
So from (3.8), 

/ s^,{i){xYw < [ m^iiYxYw + K^^Y. I P*(f)(^)''^ 

Jm" 7r" Jm" 

From duality, there is a vector h = {hj} G L^^,{w) such that 

P,(f)(x)^z/;V = / P,{f){x)-hw 



w. 



where for each i 



< llfllLLf.) / ^.{hwYxY'cr 



1 

ir' 



u.(g)(x) = [Y\(p'r(9,){x)\^ 

\j=l 

with g = {gj} and G Ll^^{W^). We apply Lerner's Theorem in each component of Uj to 
obtain the bound 

(oo 
i=i 

= Mr> (hw) (x) + KC{hw) (x) 
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where for each j, 

w)li{x). 

Notice £ is a vector- valued Haar-shift operator of complexity 1 which is L^(M") bounded; 
hence, by Theorem 1.20, 

u;,{C{hw)){X\Q\) < EQ{\\hl,.,w) 
so that from another application of Lerner's Theorem we obtain a sparse collection of cubes 

C{hw){x) < M{\\h\\,^,w){x) + J2^ii\Mir'w)li{x). 

leK. 

Hence for each i we have 

[ Vi{hw){xya < [ Mrihw){xy(T + KP' [ M{\\h\\g,,wya + kp' [ £(||h||^, w;)(x)p'(t 

Jr" Jr" JM" JK" 



Now 



giving the result. 



3.3. An Example. The bound for Sr is sharp by the scalar bound, but here we give an 
explicit example to show the bound is sharp. For each j let Ij = [0, 2~^) and define 

oo 

s{f){x) = j2Ej^{f)mx). 

Let w{x) = Ixl'-'^""'^^*^^""'^^ and f{x) = |2;|'^~-'^l[o.i)(x). Then 

LP{w) ~ ' l-^l ""^ 



[0,1) 



1 

S' 

On the other hand 



\LP{w) 
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Hence, 



As a consequence, 



so that 



OO p. 



(l-5)(p- 



fe=0'^[2-'=-^2-'=) 



[0,1) 



< 



LP(«)) 



S{fa){xYw ) = sup / S{fa){x)h{x)w 



sup / f{x)S*{hw){x)a 

heLP'{w) 



sup / f{x)S{hw){x)a 

-Tv'l',„\ J 



heLP [w) 



> 



y" f{x)S{l[o,i)w){x)w{[0,l))^a 



^ II'S'('^)|Ilp(ct)->Lp(«)) 

~ \\s\\ LP(w)-^LP(w) ■ 
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max{l ^ j 

As a result, [w]j^^ '^'^ < ||5'||^p(^y-)_^^p(^-). Since 5" is a positive operator, 5" extends to a 
vector- valued operator S on L^^ (w) defined by 



1 



and ll'5||^p^(^)^^p(^) ~ [u/j^ 



If 



max| 1 , j 



4. Proof of Theorem 1.17 



Let T be as in the statement of Theorem 1.17. For each j we apply Lerner's inequality to 
obtain the following bound: 

For each j, we have by Lemma 1.21, 

Now we make an observation (see [9], [14], [8]), for any cube Q G there is u and / G 
such that Q G I and < 6£{Q). Hence for each u G {0, 3~^}" we may choose a collection 
of dyadic cubes Qj^u in such that 

J2 1q(x)E2™q(/,) < E E 

= ^ ] Pj,m,u{.fj){x) ■ 

Me{o,3-i} 



Define 



p^,„(f)(x) = ($^|p,,^,„(/,)(x)r 



we have the following bound: 
(4.1) 

By Theorem 1.24 



CO 

%{i){x) < M,(f)(x) + 5^— ^ Yl / P™,"(f)(^ 

m=0 ue{0,3-i}" 
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For fixed m and u, we may apply Theorem 1.14 to obtain 




so that 





/ 

Jm 



max{p,^} 




W. 




W 



As a result, from (4.1) we have 






fir 



w. 
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